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Nonlinear Numerical Analysis of Axisymmetrically Loaded
Arbitrary Shells of Revolution

PamLip Mason,* Roserr Rung,* JacoB RosEnBauM,T Anp REiN EBrusi
Grumman Aircraft Engineering Corporation, Bethpage, Long Island, N. Y.

The nonlinear interaction between the meridional stress resultant and rotation is significant
in discontinuity regions of highly strained, thin-shell structures. The nonlinear equilib-
rium equations may be linearized for any given axisymmetric-load condition by inserting
the meridional stress resultant, obtained from membrane analysis, where it appears in product
terms. Forward integration is used to solve the set of linear differential equations that is
derived from the linear strain-displacement relations and the linearized equilibriom equa-
tions. By introducing artificial boundaries within the shell, the extent of integration is
limited to conform with available numerical techniques. Influence coefficients for segments
are computed, and standard methods of matrix structural analysis are used to obtain stress
resultants and displacements at the segment interfaces. These are used as initial values for
a final numerical integration to determine stresses and displacements throughout the shell.
The differences between stresses calculated by means of linear and nonlinear equations are
represented graphically from the results of the analysis of a typical pressure vessel support
joint. The well-known reduction of peak stresses in the vessel wall is verified, but the bending
stress in the support skirt is greater with the nonlinear analysis.

Nomenclature
Ai‘p’ ZlAZ;, %}’; = stress resultants ( Fig. 2.)
Ng a priori value of meridional stress resultant

Qs* = nonlinear transverse shear-stress resultant

M moment at boundary of segment, measured in
over-all coordinate system

Fg, Fz = forces in radial and axial directions, measured in
over-all coordinate system

I = distributed load, psi

E = Young’s modulus

h = thickness

To, T1, T2 = radiidefined in Fig. 2

v, w = displacements in meridional and normal direc-

tions, respectively
wg, Ag, Az = rotation and displacements at ¢, measured in
over-all coordinate system

€g, €4 = strains in 6 and ¢ direction, respectively

ke, ko = change in curvature in ¢ and ¢ directions, re-
spectively

g, Oy = stresses in 6 and ¢ directions, respectively

T. = Huber-Von Mises-Hencky effective stress

v = Poisson’s ratio

B = [3(1 — »?)/re®h?] for cylinder

v = [3(1 — »2]V2( N ¢ro/Eh?) for cylinder

A = (1 4 +)'?8z = segment-length parameter

Introduction

ONVENTIONAL linear stress analysis of thin-shell

pressure vessels for space application is not wholly
satisfactory for many design configurations. Nonlinear
effects may be significant in discontinuity regions of a shell
structure (e.g., local thickening or multiple intersections).
Critical weight considerations of current aerospace structures
require more exact analysis methods to achieve optimum de-
sign. This paper presents a practical method for nonlinear
analysis of axisymmetrically loaded arbitrary shells of
revolution.
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The analysis is based on Kempner’s! nonlinear generaliza-
tion of the first-order linear-shell equilibrium equations and
boundary conditions given by Reissner.? The shell equilib-
rium equations are generalized by including nonlinear terms,
which contain the product of the meridional stress resultant
and the change in curvature. Boundary conditions are
modified also to allow for nonlinear effects. The correspond-
ing nonlinear terms (squares of rotation) in the strain-
displacement relations are negligible for many applications
and are not included.

These general equations are used to form a set of six simul-
taneous nonlinear differential equations in six variables;
these are three displacements and three effective boundary-
stress resultants. The nonlinear terms always include the
meridional stress resultant; hence they may be linearized
for a particular loading by replacing the “unknown’” meridi-
onal stress resultant with the distribution obtained from a
linear analysis.

Within a finite region, the solution for six given boundary
conditions and distributed load may be obtained by combin-
ing seven separate solutions (corresponding to two edge shears,
two edge moments, two applied axial-edge loads, and the
given surface loading). Assuming arbitrary values of the
boundary forces and displacements at one edge of a finite
region, the equations may be integrated numerically as an
initial value problem to the other boundary. Repeating the
integration with six different initial conditions and the dis-
tributed load condition provides a set of seven solutions.
These solutions then may be combined linearly to satisfy the
given surface loading and boundary conditions.

Because of the exponentially decaying behavior of the
stresses and displacements, the length of the region that
can be analyzed in the manner described is limited by numeri-
cal difficulties of small differences of large numbers.3%¢ To
extend this limit, artificial boundaries are introduced within
the region of interest. The procedure then may be applied
between these boundaries to obtain influence coefficients for
each segment from the initial and terminal values of the six
solutions for the applied edge forces. Matrix techniques
are used to solve for stress resultants and displacements be-
tween adjacent segments. These forces and displacements
are used then as initial values for a final integration through
the segments to obtain the numerical solution.

A comparison of the present method with an analytic solu-
tion® for a cylinder subjected simultaneously to a uniform
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Fig. 1 Nondimensional radial displacement of line-
loaded cylinder.

radial-line load P and axial tension N4 has been made. Fig-
ure 1 shows the linear and nonlinear results. The analytic
and numerical results are indistinguishable.

Nonlinear Equations

The three equations of equilibrium* for an axisymmetrically
loaded shell of revolution are, in accordance with Fig. 2,

ZF, =0 (d/d@) (N gr0) — Ngricose — oy =
—riro(fp + fo*)
2F: =0 (d/de)(Qro) + Nyro + Nyrising = 1)
—riro(fe + fe)
SM,=0 (@/de) (M 1)) — Mg, cosp —
Qoriro = 0
where

fo* = —Nwp/m:
fe¥ = (1/roar0) (d/de) (1ol pesp) @

The nonlinear terms f,* and f¢* result from the action of the
stress resultants on the deformed shell. Figure 3 shows the
original and deformed states of a shell element that has
undergone a rotation wg. Thus, the stress resultant N,
has components normal to the undeformed shell surface
equal to {N ,ws} and {N w9 4 (d/dé) (N swe)dep} at the edges
of the element. These components are resolved into the

+1

Fig. 2 Shell element.
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local ¢ and ¢ coordinates to obtain
dF ¥ = — N wyro(dfde/2) — {Nowp + (d/de) (N w)de} X

[ro + (dro/de)de](d0de/2) = —N ywgrodfde
AF* = — N wgedd + {N,wy + (d/de) (N ,w)de} X

[ro + (dro/de)deldd = (d/de) (N ,wpro)dode
Dividing by the element area ror1dfd¢ yields

f* = dF,*/dA = —N ,wp/r

fe* = dF*/dA = (1/7‘07'1)(d/d¢)(]\7<pw97”0)

where N, is replaced by N, the distribution obtained from a
linear or membrane analysis of the given loading, thereby
linearizing the differential equations.

By similar reagoning, it may be shown that the product
N ,wg contributes to the transverse shear

Q(p* = ng =+ Ngowo (3)

Substituting f,* f¢*, and Q,* into Eqs. (1) and using the
geometric identity

dry/d, = 11 cOSQ
leads to the following form for the equations of equilibrium:
Lav, cose | Q" 1

ry dg0=+(N0—N‘p)To+ ™ —Je ’
1dQp* _ _ npc0se  Ne No o

s = QTS s s ke —fo @)
LdM, _ TP

nodp T WMo M) TIE QT = Nowg

The expressions for the rotation, curvatures, and strains*
are, in accordance with Fig. 4,

wp = (L/m)[(dw/de) + v] ®)

ke = (wg/70) cosep ko = (1/r)(dwe/dg) (6)
e = (1/70) (v cosp — wsing) — ke

€ = (I/m)[(dv/d¢) — w] — $k, }

From Hooke’s Law and Eqs. (7), the stresses are

E E v oS
op = —— (& T ve,| ——{ L

1 —v =1-—V2 o

w sine vdy  vw }

)

" Tld—¢—71*§(ke+vk¢)

®

E E {ldv

zr¢=———;2{e¢—|—veg} :1—1)2

w n weose  pw sing

1 ng

- g‘(k:p + Vkﬁ)}

n To To

Substituting the expressions for the stresses into the defini-

Fig. 3 Nomnlinear effects.
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tions of the stress resultants yields

h/2
Ny = f ged¢ =

—h/2

Eh {v cosg  wsineg v dy yw

1 — »? To To 71 d(,D 1
h/2
N, = f—h/z oA
Eh 1dv w . v COSe v Sine
LN Fel AN —
1 — p? 71 dgp ri 7o 7o

)
My = [ it = —Diks + v} =

—h/2
Wy COSQ _Iii(ig
D{ To + 71 d@}
h/2
M, = [ it = ~Diky + v} =

—h/2
- D {l@ n vy cos¢}
7 d(p To

The desired set of six simultaneous first-order differential
equations and three algebraic auxiliary equations are ob-
tained from Eqgs. (3-5 and 9):

LaNy _ v — oy 08¢ 4 Q%
e (No — Ny) " + " fo (10a)
LdQe™ g w008 No o sing
n de p ) 7 No T fr - (10B)
VaM, e o
" de (My — M,) - + Q. N 09 (10c)
L Loy N+ (104)
rnde  EhCCT TNUT
1 dwo _ —12
v de = T (e~ vMy (10¢)
(I/r)(dw/de) = wg ~ v/m (10f)
No = vN, + (Eh/re) (v cosg — w sing) (10g)
My = vM, — (Eh?/12r0)(wp cose) (10h)
Qp = Q* — N,wp (101

Use of this system in calculation is described in the Appendix.

Example

The differences between linear and nonlinear analyses are
demonstrated by considering the support joint of a typical
skirt-supported titanium pressure vessel subjected to uniform
internal pressure of 405 psi (Fig. 5). The structure is ideal-
ized with cylinders, a sphere, and an ogival section (Fig. 5).
A fictitious “kinematic link” is used at the joint in order to
maintain the appropriate kinematic relations between middle
surfaces of connected shells. It is apparent that the bending
stresses given by any shell theory will be physically incon-
sistent at such a joint. However, this will have negligible
effect on the over-all stress distribution.

Fig. 4 Displacement sign convention.
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Fig. 5 Typical pressure vessel support joint.

The analysis need not extend farther from the discon-
tinuity than the penetration of the bending behavior. With
some experience, the limits of the discontinuity region can be
anticipated. Membrane loads N, determined by axial
equilibrium, are applied at the ends of the idealization. By
introducing artificial boundaries within the idealization, the
length of each segment is limited to permit accurate forward
integration. Figures 6 and 7 present the Huber-Von Mises-
Hencky “effective stress”

0. = (09> — 090, + a,)V?

for the inside and outside surfaces of the shell. Use of this
criterion for design is not recommended; however, it is useful
for comparison, since it combines both stress componentsin a
consistent manner characterized by a single number.

The stresses in the thick ogival section are low as com-
pared with those obtained farther from the juncture. The
linear results generally are higher than the nonlinear stresses
in the pressure-stiffened tank shells. Both asymptotically ap-
proach the membrane stress values at greater distances (not
shown) ; the linear from above, the nonlinear from below. In
the eylindrical portion of the tank at approximately §, = 4 in.,
the linear stress on the critical outside surface (Fig. 7) is at
least 209, greater than the nonlinear value. However, in
the skirt, the linear analysis is unconservative, i.e., within 1
in. of the juncture, the linear stresses are at least 309, less
than corresponding nonlinear values (Figs. 6 and 7).

The line-loaded cylinder of Fig. 1 and the pressure vessel
(Fig. 5) discussed previously demonstrate some typical non-
linear effects. It is not practical to present a detailed
parametric discussion of these effects since a refined analysis
of this type will lead to a particular geometry for each shell

1, 1 1 1 1. L 1 0 L 1 1 | L -
17 ] 5 ) 3 2 1 070 1 2 3 ) 5 6 64
|— cylinder ———»|w—ogive —»| | sphere i
o in. o, (ksi) lat»i"-
120

NONLINEAR
LINEAR —=——m—m e

0 1 2 3 L} 5 6
oyl skirt ,‘honey:ojb cylinder —»I
¢ in

Fig. 6 Effective stress o, inside surfaces of pressure
vessel.
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Fig. 7 Effective stress ¢. outside surfaces of pressure
vessel.

configuration and load. The distribution of reinforcing
thickness at a discontinuity is of paramount importance.
(References 5 and 6 give some basic information for constant
thickness cylinders and spheres, respectively.)

Significant changes in stress have been found near the bosses
in aluminum pressure vessel covers and at multiple inter-
sections where the stress distribution may be affected seri-
ously, often at the expense of one shell. Nonlinear effects
are pronounced for highly strained thin shells. For example,
in a pressurized cylinder,

v = [BU = »)"*(Ngro/ER?) = 2[3(1 — »8)]"*(04*/pE)

where ¢4 is the design stress, and p is the internal pressure.
Thus, high-strength, elastic materials in low-pressure applica-
tions are most critical. Further, the size of the vessel is not
a factor. For the membrane region of the pressure vessel
considered, v = 9, which is much greater than (y = 2) in
the simple cylinder. The stresses of the pressure vessel are
not affected as dramatically because of the tapered thickness.
Typical experimental stress distributions for thin pressure
vessels are presented in Ref. 7.

1. IDEALIZE SHELL STRUCTURE IN REGION
OF INTEREST,

2. INTRODUCE ARTIFICTAL BOUNDARIES WITHIN
IDEALIZATION,

3. DESCRIBE GHOMETRY AND STRUCTURAT,
PROPERTIES OF EACH SECMENT, SET UP
TABLES OF Wj, £y , £ AND h. FOR
INITIAL RU'N}?

USE RANE VALUE FOR N¢.

., INTHGRATE SYSTEM OF FIRST ORDER D.E.'S
USING ARBITRARY INITIAL CONDITIONS .
(SEVEN SEPARATE INTEGRATIONS REQUIRED
FOR EACH SEGMENT).

5. DEVELOP STIFENESS COEFFICIENTS FOR
EACH SHELL SEGMENT USING DATA AT
SEGMENT EDGES.

SEGMENT PROPERTIES

I
]
. STIFFNESS ANALYSIS: COUPLE SHELL SEG-
MENTS USING INFLUENCE COEFFICIENTS
OBTAINED IN STEP 5.

T. FINAL DISTRIBUTICN: INTEGRATE EACH
SHELL SEGMENT USING RESULTS OF STEP 6
AS INITTAL VALUES.

DIGITAL, COMPUTER PROGRAM
[

8. IF AII:II% DISAGREES WITH N;‘j, RETURN TO STEF
3 REVISE N_¢.

Fig. 8 Outline of analysis.
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In a physical sense, the nonlinearities act to stiffen a given
shell region, since their effect is to restrict change in curvature.
This is demonstrated with edge influence coefficients for
spherical shells® and has been observed in the stiffness coeffi-
cients used in the present method. This phenomenon ac-
counts for the greater penetration of the discontinuity dis-
turbance. For the line-loaded cylinder of Fig. 1, the phe-
nomenon is identical to the beam on an elastic foundation.
The nonlinearities add “tie-rod”” (opposite of beam-column)
effects to the “beam.” The deflection under the load is re-
duced at the expense of greater penetration along the merid-
ian. The same behavior is observed in the pressure vessel,
and it is this smaller radial expansion that reduces the hoop
stresses o4, thus lowering the effective stress o, (Figs. 6 and
7). :

Applications

The set of equations [Eqs. (10a-10i)] may be specialized
for any desired shell of revolution (such as sphere, ogive,
parabola, cylinder, cone, etc.) by inserting the appropriate
geometric relationships. The cone may be reduced to a flat
plate; in this case, the technique is valid only for a linear
analysis. Segments of various types may be combined to
form any desired shell: Small segments of cylinders and
plates may be used to include support rings in the analysis
of the shell. This is convenient and more accurate than the
conventional ring idealization.

In addition to branched configurations of the meridian (as
in the support joint discussed previously), the method is
directly applicable to multiply-connected surfaces such as
toroidal shells. This conclusion may be drawn from the
analogy to the stiffness analysis of a frame (see Appendix).

Unsymmetric Case

Shells of revolution may be unsymmetrically loaded by
lateral loads or by interaction with nonuniform supporting
structures. The present technique for axisymmetrically
loaded shells may be generalized by using the unsymmetric
shell equations.! They are cast into eight partial differential
equations, which are of second order in the circumferential
coordinate 8 and of first order in the meridional coordinate
¢. All of the quantities are expanded by using the Fourier
series in the coordinate @; this reduces the partial differential
equations to ordinary differential equations, one set for each
harmonic. For the linear theory, each term of the series is
uncoupled from the others, and the method parallels the axi-
symmetric case. The authors have applied this technique
successfully for the linear unsymmetric analysis of several
thin-shell structures, including some loading conditions of the
pressure vessel of Fig. 5. The nonlinear case leads to inter-
action of all of the harmonics. By considering only a few
harmonics (e.g., H), there will be (8H) first-order ordinary
differential equations to solve simultaneously. Since the
stiffness matrix for the linear unsymmetric case is (dm) X
(4m), where m is the number of joints, the nonlinear case
would involve a matrix that is (4mH) X (4mH), thus re-
quiring a larger inversion. This approach may be useful
for relatively simple cases such as antisymmetric loading.

Shallow Shells

In dealing with shallow shells, two difficulties arise. First,
the membrane force Ny may not be computed accurately
by equilibrium considerations since Q¢* has a significant
effect for small ¢. Second, the nonlinearity of strain-
displacement relations may become significant (as in large-
deflection plate theory). The former may be resolved by
iteration (Appendix). The latter must be considered as a
bound on the capability of the present theory. The theory
may be extended and iteration applied to the nonlinear
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strain terms by writing $®sws, using @ as the a priori value.
For a discussion of the domains of applicability of these
nonlinearities, see Refs. 6, 10, and 11.

Appendix

Computational Procedure

The method of analysis will be described by referring to the
outline in Fig. 8. The idealized structure is divided into
segments of an approximately equal length parameter

A= 1+ 1Y,

Since the differential equations have been linearized, in-
fluence coefficients may be obtained conveniently by super-
position of appropriate solutions of initial-value problems.
The set of six differential equations, plus the three algebraic
auxiliary equations [see Eqgs. (10a~10i) ], which were developed
previously, are solved using a conventional forward integra-
tion technique. Variable thickness, loading, and N, are
taken into account by providing a table of h, f4, fr, and Ny vs
¢ and interpolating between tabular values. The set of
equations is integrated seven times, using the initial condi-
tions shown in Fig. 9. The first six integrations use unit
values of ws:, AR:, Azi, My, Fri, and F., respectively. Dur-
ing these six integrations, the applied loads f4 and f; are set
equal to zero. For the seventh integration, the given dis-
tributions of fy and f¢ are used, with the initial displacements
and stress resultants set equal to zero. The values of the
stress resultants and displacements (in shell coordinates) at
the jth end of the segment are recorded in the matrices [X]
and [Y] for all of the integrations (Fig. 9). Thus

A

i} = X, X F; (A1)
3X313X3:13x1 L
A

{6 = [[Y]]::[Y2]E[Y3]:| F; (A2)
3X313X313X1 L

where {L} is a dimensionless load factor, and {f;}, {&;}, { A},
and {F;} are defined in Fig. 9.

The forces and displacements are rotated from the local-
shell coordinate system to the over-all coordinate system by
matrices [A]and [B], respectively. Thus

M;
{F;} = gFﬂi} =

Fz;
0 0 i —1 [{N;
cosg; | —sing; | 0 [KQu*r = [ANfi} (A3)
—sing; | —cosg; | 0 (M,

0 ! 0 NIt
[COS% i —sing; | 0 :HWJ g = [Bl{5;} (A%
i

—sing; | —cose;
Substituting (A1) into (A3) yields

A;
{Fi} = A (X XGHXG]SF: > =

3%3L3X3i3%313%1 L

[[AX} AN 14X) Fip (A5)

3x3 i 3x3s | ax1 I
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Run  Number 1 l 2 l 3 4 | 5 | 6 7
a; Fi Lood
W= [ Bgi=1 ) Bzi=1 ] M =1 Fri=1 | Fzi=1 | =3
Ny 0 —cos®; SINO;
4] °;i 0 0 0 0 SIN®; cose, 0
"
] _§ Mo +1 0 L]
£ 'E v; [] cose; —sIN®; ||
v 5 W, 0 ~siNe; —cose; 0 1] 0 - 0
wi +1 o L]
NOj
& Q. x X X
§ J of [ 1 2 3
3 = M@j . 3x3 3Ix3 3Ix1
£ b
w
v;
S 5 ¥
d v 8 Y2 Y3
Wj 3x3 Ix3 3x1

Fig. 9 Initial and final conditions.

and substituting (A2) into (A4) yields

A
(A} = [B][[YIJ;[YQJ;[Y?,] Fip =

3X3L.3X3!13X3i3X1 L
A
[BYl];[BYz]i[BYa]] Fir (A6)
3X3 | 3X3 ! 3%X1 “L_

Equations (A5) and (A6) are used to form (A7) and (AS)
as follows:

A; ..I?-..Ev-__(_)___i___‘?___ A; Ag)°

;A:E - [Byl]é[BYz]i[BYﬂ F.\ = [Z1] F; (A7)
J3X3, i.ﬁ?ﬂ?’..i_?ﬁ!_ 7 <77

L o o i JUF L

Py [0 0 Lt 0 4 A
{F} = | AXAXIAX] [(Fre = [lOF 0 (A8)
J ! 8x3 1 3ax1 (L

Inverting (A7) and substituting into (A8) yields

F, A A
{FJ} = [L][Z:]7 A = WL A (A9)

i 6X77X7 L 6x7( L
{F:} and {F;} are the edge forces at the ith and jth ends of the
shell on a unit length basis. It is convenient to work with

A

the total forces {F;} and {F;}. Thus

a; 5
R @
F; ol F; F;
so= | froeeoeeees = [ A10
{F,-} fa {FJ} ﬁ[xf];{Fj} (410)
L
i [27]
where
oy = 27!'7'0«L oy = 27I'To‘j
(i)
z

Rl

~
~ M(j)=~M4,(j)
N¢(j)

7

Fig. 10 Force sign convention.



1312 ‘ MASON, RUNG, ROSENBAUM, AND EBRUS

and [C] is a diagonal matrix. Substituting (A9) into (A10)
and partitioning yields

{?} = (1) At (ALY
J 6x66x7( L 6x6i6x11( T,

The [K] matrix in Eq. (Al1) is the stiffness matrix for the
shell segment, whereas the [G] matrix is a matrix of fixed end
forces, that is, the forces induced at the ends of the segment
by distributed loading when the ends are restrained from
displacing.

In addition to the [K] and [¢] matrices, a matrix that ex-
presses the initial conditions in terms of the displacements
at the ¢th and jth ends of the shell and the applied loading
will be required. Referring to Fig. 9,

{} = [ICISFip {Fip = [Z,]72 1 A (A12)
3 6x7( L L X7 L

i ;Ai ;Ai
{} = [[C[Z]7* 4 A = [D]§4A;
B 6XT7TXT L

6x7({ L

This matrix will be used to set up the initial conditions for
the final integration after { A;} and { A;} have been evaluated.

A [K], [@], and [D] matrix is obtained for each shell seg-
ment in the idealized structure. For the discussion that fol-
lows, it will be convenient to add a subsecript n to these
matrices to indicate the nth segment.

The total stiffness for the entire structure is the sum of
the stiffnesses of the individual segments. Thus

(Fr} = [Ktl{ Ac} (A14)

3mX3m

A; A;
Afg = [[KH (@] gAJ:

Hence

(A13)

where

N
[Ktot] = Z Kn]
3mX3m n=1 6X6

and N and m are the total number of segments and nodes,
respectively. The ¥ in Eq. (Al4) implies a nonconformal
addition; that is, the elements of each [K,] matrix must
be placed in the proper rows and columns of [Ki:].

Displacement boundary conditions are applied by express-
ing the node displacements in terms of permissible node dis-
placements { Ar}. Hence

{Ar} = [BC]{ Ar} (A15)
3mXq

where ¢ is the number of degrees of freedom. It should be
noted that the [BC] matrix will also introduce any ‘“kine-
matic links” if required, by prescribing the proper relations
between displacements. The forces at the free nodes are
given by

{Fs} = [BC7{F+} (A16)
gX3m

Hence the stiffness is

{(Pr} = [BCI7 [Kuwi] [BCI{As} = [Kul{Ar} (A7)
gX3m 3mX3m 3mXq gXgq

and the flexibility is

aXq

The total node loading is composed of two parts; the first,
a result of distributed loads acting within a segment and the
second, a result of concentrated external forces acting di-
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rectly on the nodes. If the matrix of external loads is
designated as [Lg] then the node loading is given by

{Fr} = [—[BCP'[GM] + [LE]]{L} (A19)

gX3m 3mX1 gX1

where

~

[Gtot] = Z [Gn]
3mX1  p=1 6X1

Again the Z implies a nonconformal addition where the ele-

ments of [G,] must be placed in the correct rows of [Gios].

Using Eqgs. (A15), (A18), and (A19) yields the node displace-

ments in terms of the applied loading condition. Thus

{Ar} = [BC][Kn]‘lI:—[BC]T[Gm] + [LE]]{L} = [N]{L}

ImXg gXg gX3m 3mX1 gX1 3mX1
(A20)

The displacements and loading conditions for a particular
shell segment » that connects nodes ¢ and j are given by

[N:]
A 3x1
?Afg =| N |{L} = [Pa]{L} (A21)
LY ] sxt 7X1

+1

where the matrices N; and N; are the appropriate rows of N.
Substituting P, into D, gives

{f"} = [Dn][Pn]{L} = [E.]{L} (A22)

8 6X7 TX1 6X1

The E, matrix gives the initial conditions to be applied at
the 7th end of shell segment n for the final integration (see
step 7 of Fig. 8).

Further Remarks

The use of forward integration for solution of the shell
equations eliminates the large computer storage requirements
associated with the matrix formulation of finite difference
equations, The integration scheme used by the authors
is the well-known Runge-Kutta method, modified by in-
corporating an automatic selection of a variable integration
step size. This modification holds the error within specified
limits and speeds up the computations. Problems of the
size of the pressure vessel run from 10 to 20 min on the IBM
7094 digital computer. As described in Ref. 8, there is a
practical limit to the length of shell segment that may be
handled by this technique. The limit is realistic; ordinary
integrating schemes will permit a maximum segment-length
parameter A > 3. For the linear case, the influence coeffi-
cients are theoretically symmetric by reciprocity. For
applications in the authors’ experience, the nonlinear prob-
lems have nearly symmetric matrices. The final check is
agreement of final results at the segment joints.

The final stress and displacement distributions could be
obtained by linearly combining the seven unit solutions in
accordance with the results of the stiffness analysis. How-
ever, it is more efficient to store only stress resultants and
displacements at boundaries and interfaces and then use
these as initial values for a final integration. The computed
N, function is compared with the assumed distribution N,.
If necessary, the problem is repeated using the new data for
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Uniform-Stress Spinning Filamentary Disk

A. C. Kysgr*
Astro Research Corporation, Senta Barbara, Calif.”

An analysis is presented for the development of the fiber patterns necessary to produce uni-
form fiber tension in a spinning filamentary disk. The family of fiber patterns for such iso-
tensoid disks is described in terms of curvature, slope, and arc length, and means are sug-
gested for obtaining polar-coordinate plots of the patterns. Included are diagrams of three
of the patterns, a photograph of a model, and a discussion of the general characteristics of the
family of allowable patterns. It was found that the isotensoid disk design by which the disk
is covered by uniform-diameter fibers operates at half the stress of a simple hoop for a given

peripheral velocity and fiber material.

Nomenclature

radius coordinate

radius of disk

r/r,, nondimensional radius coordinate
angle between fiber and radius vector
radius of curvature of fiber

rotation speed of disk

mass per unit length along fiber
m'w?r,2/T, fiber loading parameter
interfiber shear force per unit length
tension in structural fiber

angle swept by tangent to fiber
central angle coordinate

arc length along fiber, measured from periphery of disk
1/r,, nondimensional arc length

R2, nondimensional radius eoordinate
stress in structural fiber

weight density of fiber material
suie/y, specific strength of fiber
peripheral velocity of rotating disk
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Introduction

HIS paper presents the analytical development of a uni-

form-stress (isotensoid) spinning disk composed of strue-
tural filaments of uniform cross section. The filamentary
arrangement is that of a fine-mesh circular net in which the
fibers form curved load-carrying paths that spiral outward
from the center. It can be shown that any spiral net will
carry a radially directed loading in such a way that the re~
sultant fiber tension decreases toward the center of the net.
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This tension gradient is the result of the spiral load-path
curvature. The fiber tension resulting from the inertia
forces due to rotation, on the other hand, tends to increase
toward the center. The constant-tension condition can be
imposed by arranging for the curvature distribution to be
that which is necessary to allow these two tension-gradient
effects to cancel.

This work may be considered an extension of the work done
in Refs. 1 and 2. In Ref. 1, a theory was developed for pre-
dicting equilibrium shapes of filamentary structures in which
the structural loads are carried in pure tension. This paper
was specifically concerned with normal loads on the fiber (i.e.,
pressure loads), and the solutions were presented in terms of
differential equations describing the local curvature and/or
slope of the structural wall in terms of the local conditions.
In Ref. 2, this problem was generalized to include load com-
ponents tangential to the structural wall (from centrifugal
effects), and solutions for the curvature and slope equations
were obtained in the form of elliptic integrals. The present
paper represents a further generalization in that allowance is
made for an internally generated shear stress in the filamen-
tary wall.

This type of strueture is proposed for space applications
where requirements exist for large rotating surfaces in which
the loads generated by the mass of rotating structure are
important. One such application is suggested by Ref. 3,
which discusses the use of a lightweight woven fabric net as
a low-loading, low-temperature, rotating wing for re-entry
deceleration. Other possible applications include the use of
filamentary disks to support large surfaces for the collection
or reflection of radiant energy. It is believed that an iso-
tensoid disk of this type, in addition to having the excellent
mechanical properties characteristic of filamentary structures,
can be made to have a high structural efficiency.



